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Introduction

Paleoclimate reconstructions, in particular from ice cores have also shown that climate can change

over extremely short periods of time such as a few years to decades (Fig. 1). Over the last cen-

tury, humans have altered the Earth’s surface and the composition of its atmosphere to the extent

that these factors measurably affect current climate conditions. The objective of the script is to

examine fundamental concepts used to understand climate dynamics. The framework of the work-

shop is to improve our understanding of the Earth’s complex climate phenomena, which have a

huge economic and social impact for present and future generations. Given the complexity of the

inter-relations between the subsystems that constitute our climate, it is important to approach the

problem from an interdisciplinary perspective. Here, I will approach climate dynamics from a fluid

dynamics and complex systems point of view.

Chapter 1 deals with the general structure of fluid dynamical models. Atmospheric and ice

dynamics is not explicitely considered here although it is part of my Dynamics course at the Uni-

versity of Bremen. Like the ocean, the atmosphere is considered as a Newtonian Fluid. The

concepts of scaling and vorticity are introduced. Chapter 2 deals with fluid dynamical applica-

tions: Rayleigh-Bénard convection and the Lorenz system. These systems provide the prototype

of nonlinear dynamics, bifurcations, multiple equilibria. The Lorenz equation will be solved using

an R or Fortran programme.1 In his classic studies of chaotic systems, Lorenz has proposed a

deterministic theory of climate change with his concept of the ’almost-intransitivity’ of the highly

non-linear climate systems. In this set of equations, exists the possibility of multiple stable solu-

tions to the governing equations, even in the absence of any variations in external forcing ?. More

1A numerical solution of the Rayleigh-Bénard convection is provided in Chapter 6.
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Figure 1: Top: Sea-level derived rate of deglacial meltwater discharge [Fairbanks et al., 1992].
Bottom: Oxygen isotope record from Greenland GISP2 ice core [Grootes and Stuiver, 1997],
reflecting air temperature. Meltwater influx is maximum during the Bølling warm period (BØ) and
minimum during Heinrich event 1 (H1) and Younger Dryas (YD).
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complex models, e.g. ?; ? also demonstrated this possibility.

Chapter 3 repeats part of the main dynamics of large-scale oceanography. The Coriolis effect

is one of the dominating forces for the large-scale dynamics of the oceans and the atmosphere. In

meteorology and ocean science, it is convenient to use a rotating frame of reference where the Earth

is stationary. The resulting flow can be derived from scaling arguments. The Atlantic deep ocean

circulation is simulated by a simple model of meridional overturning. In the model of (Rooth,

1982) the Atlantic ocean is described over both hemispheres and the densities have to be taken in

the North Atlantic and South Atlantic Ocean, respectively. The density at high latitudes is coupled

through heat and freshwater fluxes with the atmosphere This model is implemented in Chapter 4.

We introduce an inter-hemispheric box model of the deep ocean circulation to study the feedbacks

in the climate system. The box model contains out of four oceanic and three atmospheric boxes.

A Fortran and a matlab version are available.

Chapter 5 describes the approach from statistical mechanics towards the macroscopic theory. It

is the approach to understand the transition from micro to macro scales. The Boltzmann equation,

also often known as the Boltzmann transport equation, devised by Ludwig Boltzmann, describes

the statistical distribution of one particle in a fluid. It is one of the most important equations of

non-equilibrium statistical mechanics, the area of statistical mechanics that deals with systems far

from thermodynamic equilibrium. For instance, when there is an applied temperature gradient or

electric field. The Boltzmann equation is used to study how a fluid transports physical quantities

such as heat and charge, and thus to derive transport properties such as electrical conductivity,

Hall conductivity, viscosity, and thermal conductivity. Chapter 6 deals with a fluid dynamical

application, a 2D implementation of the Lattice Boltzmann Method (LBM) with the Bhatnagar-

Gross-Krook (BGK) collision operator. The main structural parts of the program and several hints

for the potential users are provided. While we do include a brief outline of the theory of LBM,

detailed explanations are out of the scope of this school. Fore more details, please consult the refer-

ences herein. The present code is intended to serve mainly as a showcase/practical introduction to

Lattice Boltzmann Methods, hence advanced features and state-of-the-art algorithm improvements

have been intentionally ommitted in favor of simplicity. Two practical examples (von Karman vor-
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tex shedding behind a cylinder and Rayleigh-Benard convection in a channel) are presented. The

Fortran codes are available (eventually also a R version of the code2).

The scipt has basically three parts, an application chapter follows after every theoretical chap-

ter. In the course, I will not go through all the details (especially in the basic fluid dynamics and

the Lattice Boltzmann method), but will summarize the main ideas. The script is designed for 5-7

hours for a PhD course with advanced participants. Since I expect a rather heterogenious group

of students, several tasks are included for those who have some additional time. The numerical

examples may be helpful for the students who are already familiar with programming (they can

improve the code, find bugs, follow the main ideas of the code etc.), for those who are not familiar

they can use it more as a black box and as a starting point for more research. Several task do not

require that the complete code is understood, but one can change initial conditions or parameters

in the problems. Good luck.

2R is an open source programme avaible through http://www.r-project.org
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Chapter 1

Fluid Dynamics

Our starting point is a mathematical model for the system of interest. In the physical sciences a

model typically describes the state variables, plus fundamental laws and equations of state that

variables exist and evolve in space and time. We are interested in building an ocean model. Then

you might proceed as follows:

• State variables: Velocity (in each of three directions), pressure, temperature, salinity, density

• Fundamental laws: Conservation of momentum, conservation of mass, conservation of tem-

perature and salinity

• Equations of state: Relationship of density to temperature, salinity and pressure, and perhaps

also a model for the formation of sea-ice

The state variables for the ocean model are expressed as a continuum in space and time, and the

fundamental laws as partial differential equations1. Even at this stage, though, simplifications may

be made. For example, it is common to treat seawater as incompressible. Furthermore, equations

of state are often specified by empirical relationships or laboratory experiments.

In the following, the general structure of ocean circulation, atmospheric energy balance as well

as ice sheet models are described. The dynamics of flow are based on the Navier-Stokes equations.

1If the atmosphere is becoming too thin in the upper levels, a more molecular, statistical description is appropiate
(section 5)
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The derivation of the Navier-Stokes equations begins with an application of Newton’s second law:

conservation of momentum (often alongside mass and energy conservation) being written for an

arbitrary control volume. In an inertial frame of reference, the general form of the equations of

fluid motion is:

ρ

(
∂v

∂t
+ v · ∇v

)
= −∇p+∇ · T + f , (1.1)

where v is the flow velocity, ρ is the fluid density, p is the pressure, T is the (deviatoric) stress

tensor, and f represents body forces (per unit volume) acting on the fluid and ∇ is the nabla

operator. This is a statement of the conservation of momentum in a fluid and it is an application

of Newton’s second law to a continuum; in fact this equation is applicable to any non-relativistic

continuum and is known as the Cauchy momentum equation.

This equation is often written using the substantive derivative, making it more apparent that

this is a statement of Newton’s second law:

ρ
Dv

Dt
= −∇p+∇ · T + f . (1.2)

The left side of the equation describes acceleration, and may be composed of time dependent or

advective effects (also the effects of non-inertial coordinates if present). The right side of the equa-

tion is in effect a summation of body forces (such as gravity) and divergence of stress (pressure and

stress). A very significant feature of the Navier-Stokes equations is the presence of advective ac-

celeration: the effect of time independent acceleration of a fluid with respect to space, represented

by the nonlinear quantity:

v · ∇v, (1.3)
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1.1 Material laws

The effect of stress in the fluid is represented by the∇p and∇ · T terms, these are gradients of

surface forces, analogous to stresses in a solid. ∇p is called the pressure gradient and arises from

the isotropic part of the stress tensor. This part is given by normal stresses that turn up in almost

all situations, dynamic or not. The anisotropic part of the stress tensor gives rise to∇ · T, which

conventionally describes viscous forces. For incompressible flow, this is only a shear effect. Thus,

T is the deviatoric stress tensor, and the stress tensor is equal to:

σ = −pI + T (1.4)

where I is the 3 × 3 identity matrix. Interestingly, only the gradient of pressure matters, not the

pressure itself. The effect of the pressure gradient is that fluid flows from high pressure to low

pressure.

The stress terms p and T are yet unknown, so the general form of the equations of motion is not

usable to solve problems. Besides the equations of motion -Newton’s second law- a force model

is needed relating the stresses to the fluid motion. For this reason, assumptions on the specific

behavior of a fluid are made (based on observations) and applied in order to specify the stresses in

terms of the other flow variables, such as velocity and density.

The Cauchy stress tensor can be also written in matrix form:

T =


T(e1)

T(e2)

T(e3)

 =


σ11 σ12 σ13

σ21 σ22 σ23

σ31 σ32 σ33

 ≡

σxx σxy σxz

σyx σyy σyz

σzx σzy σzz

 ≡

σx τxy τxz

τyx σy τyz

τzx τzy σz

 (1.5)

where σ are the normal stresses and τ are the shear stresses. From the Newton’s third law (actio

est reactio) the stress vectors T(ei) = dF
dA

with ei as normalvector acting on opposite sides of

the same surface are equal in amount and opposite in direction (−T(ei) = T(−ei)). According

to conservation of angular momentum, summation of moments is zero. Thus the stress tensor is
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symmetrical:

T = TT (1.6)

In Fig. 1.1 the stress vectors T(ei) can be decomposed in one normal stress and two shear stress

components.

Figure 1.1: Components of stress in three dimensions.

1.2 Navier-Stokes equations

The Navier-Stokes equations result from the following assumptions on the deviatoric stress tensor

T :

• the deviatoric stress vanishes for a fluid at rest, and by Galilean invariance also does not

depend directly on the flow velocity itself, but only on spatial derivatives of the flow velocity
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• in the Navier-Stokes equations, the deviatoric stress is expressed as the product of the tensor

gradient∇v of the flow velocity with a viscosity tensor A, i.e. T = A (∇v)

• the fluid is assumed to be isotropic, as valid for gases and simple liquids, and consequently

A is an isotropic tensor; furthermore, since the deviatoric stress tensor is symmetric, it turns

out that it can be expressed in terms of two scalar dynamic viscosities µ and µ” : T =

2µE + µ′′(∇ · v)I, where E = 1
2

(∇v) + 1
2

(∇v)T is the rate-of-strain tensor and∇ · v

is the rate of expansion of the flow

• the deviatoric stress tensor has zero trace, so for a three-dimensional flow 2µ+ 3µ” = 0

As a result, in the Navier-Stokes equations the deviatoric stress tensor has the following form:

T = 2µ
(
E− 1

3
(∇ · v)I

)
, (1.7)

with the quantity between brackets the non-isotropic part of the rate-of-strain tensor E. The dynamic

viscosity µ does not need to be constant - in general it depends on conditions like temperature and

pressure, and in turbulence modelling the concept of eddy viscosity is used to approximate the

average deviatoric stress.

The pressure p is modelled by use of an equation of state. For the special case of an incom-

pressible flow, the pressure constrains the flow in such a way that the volume of fluid elements is

constant: isochoric flow resulting in a solenoidal velocity field with∇ · v = 0.

The vector field f represents "other" (body force) forces. Typically this is only gravity, but may

include other fields (such as electromagnetic). In a non-inertial coordinate system, other "forces"

such as that associated with rotating coordinates may be inserted2. Often, these forces may be

represented as the gradient of some scalar quantity. Gravity in the z direction, for example, is the

gradient of−ρgz. Since pressure shows up only as a gradient, this implies that solving a problem

without any such body force can be mended to include the body force by modifying pressure.

2We will see later that the Coriolis force will be one of the main contributions in the rotating Earth system (section
3.1)
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The Navier-Stokes equations are strictly a statement of the conservation of momentum. In order

to fully describe fluid flow, more information is needed (how much depends on the assumptions

made), this may include boundary data (no-slip, capillary surface, etc), the conservation of mass,

the conservation of energy, and/or an equation of state.

Regardless of the flow assumptions, a statement of the conservation of mass is generally nec-

essary. This is achieved through the mass continuity equation, given in its most general form as:

∂ρ

∂t
+∇ · (ρv) = 0 (1.8)

or, using the substantive derivative:

Dρ

Dt
+ ρ(∇ · v) = 0. (1.9)

A simplification of the resulting flow equations is obtained when considering an incompressible

flow of a Newtonian fluid. The assumption of incompressibility rules out the possibility of sound

or shock waves to occur; so this simplification is invalid if these phenomena are important. The

incompressible flow assumption typically holds well even when dealing with a "compressible" fluid

- such as air at room temperature - at low Mach numbers (even when flowing up to about Mach

0.3). Taking the incompressible flow assumption into account and assuming constant viscosity, the

Navier-Stokes equations will read, in vector form:

ρ

(
∂v

∂t
+ v · ∇v

)
= −∇p+ µ∇2v + f . (1.10)

Here f represents "other" body forces (forces per unit volume), such as gravity or centrifugal force.

The shear stress term ∇T becomes the useful quantity µ∇2v when the fluid is assumed incom-

pressible and Newtonian, where µ is the dynamic viscosity.

14



It’s well worth observing the meaning of each term (compare to the Cauchy momentum equa-

tion):

Inertia (per volume)︷ ︸︸ ︷
ρ
( ∂v

∂t︸︷︷︸
Unsteady

acceleration

+ v · ∇v︸ ︷︷ ︸
Advective

acceleration

)
=

Divergence of stress︷ ︸︸ ︷
−∇p︸ ︷︷ ︸
Pressure
gradient

+µ∇2v︸ ︷︷ ︸
Viscosity

+ f︸︷︷︸
Other
body
forces

. (1.11)

Note that only the advection terms are nonlinear for incompressible Newtonian flow. This acceler-

ation is an acceleration caused by a (possibly steady) change in velocity over position, for example

the speeding up of fluid entering a converging nozzle. Though individual fluid particles are being

accelerated and thus are under unsteady motion, the flow field (a velocity distribution) will not

necessarily be time dependent.

Another important observation is that the viscosity is represented by the vector Laplacian of

the velocity field. This implies that Newtonian viscosity is diffusion of momentum, this works

in much the same way as the diffusion of heat seen in the heat equation (which also involves the

Laplacian).

If temperature effects are also neglected, the only "other" equation (apart from initial/boundary

conditions) needed is the mass continuity equation. Under the incompressible assumption, density

is a constant and it follows that the equation will simplify to:

∇ · v = 0. (1.12)

This is more specifically a statement of the conservation of volume (see divergence).

These equations are commonly used in 3 coordinates systems: Cartesian, cylindrical, and

spherical. While the Cartesian equations seem to follow directly from the vector equation above,

the vector form of the Navier-Stokes equation involves some tensor calculus which means that

writing it in other coordinate systems is not as simple as doing so for scalar equations (such as the

heat equation).
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1.3 Non-dimensional parameters: The Reynolds number

For the case of an incompressible flow, assuming the temperature effects are negligible, they consist

of conservation of mass

∇ · u = 0 (1.13)

and conservation of momentum

∂tu + (u · ∇) · u = −∇p+
1

Re
∇2u (1.14)

where u is the velocity vector and p is the pressure. The equations have been made dimensionless

by a length-scale L, determined by the geometry of the flow, and by a characteristic velocity U.

The dimensionless parameter Re = UL/ν is the Reynolds number, ν denotes the kinematic

viscosity. For large Reynolds numbers, the flow is turbulent. In most practical flows Re is rather

large (104 − 108), large enough for the flow to be turbulent. A large Reynolds number allows

the flow to develop steep gradients locally. The typical length-scale corresponding to these steep

gradients can become so small that viscousity is not negligible. So the dissipation takes place at

small scales. In this way different lengthscales are present in a turbulent flow, which range from L

to the Kolmogorov length-scale. This length scale is the typical length of the smallest eddy present

in a turbulent flow. In the climate system, this dissipation by turbulence is modeled via eddy terms.

1.4 Vorticity in two dimensions

Taking the curl of the Navier-Stokes equation results in the elimination of pressure. This is espe-

cially easy to see if 2D Cartesian flow is assumed (w = 0 and no dependence of anything on z),

where the equations reduce to:

ρ

(
∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y

)
= −

∂p

∂x
+ µ

(
∂2u

∂x2
+
∂2u

∂y2

)
+ ρgx (1.15)
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ρ

(
∂v

∂t
+ u

∂v

∂x
+ v

∂v

∂y

)
= −

∂p

∂y
+ µ

(
∂2v

∂x2
+
∂2v

∂y2

)
+ ρgy. (1.16)

Differentiating the first with respect to y, the second with respect to x and subtracting the resulting

equations will eliminate pressure and any potential force. Defining the stream function ψ through

u =
∂ψ

∂y
; v = −

∂ψ

∂x
(1.17)

results in mass continuity being unconditionally satisfied (given the stream function is continu-

ous), and then incompressible Newtonian 2D momentum and mass conservation degrade into one

equation:

∂

∂t

(
∇2ψ

)
+
∂ψ

∂y

∂

∂x

(
∇2ψ

)
−
∂ψ

∂x

∂

∂y

(
∇2ψ

)
= ν∇4ψ (1.18)

where ∇4 is the (2D) biharmonic operator and ν is the kinematic viscosity, ν = µ
ρ
.This sin-

gle equation together with appropriate boundary conditions describes 2D fluid flow, taking only

kinematic viscosity as a parameter. Note that the equation for creeping flow results when the left

side is assumed zero. In axisymmetric flow another stream function formulation, called the Stokes

stream function, can be used to describe the velocity components of an incompressible flow with

one scalar function.
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Chapter 2

Applicaton: Rayleigh-Bénard convection

and the Lorenz system

Here, we shall introduce a system of three ordinary differential equations whose solutions afford

the simplest example of deterministic flow that we are aware of. The system is a simplification of

the one derived by Saltzman (1962), to study finite-amplitude convection. Although our present

interest is in the non-periodic nature of its solutions rather than in its contributions to the convection

problem, we shall describe its physical background briefly.

Benard−Cell

(high temperature)

(low temperature)

H/a

H

T0 + ∆Tx

y

z
T0

g

Figure 2.1: Geometry of the Rayleigh-Bénard system (see text for details).
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Rayleigh (1916) studied the flow occurring in a layer of fluid of uniform depth H , when the

temperature difference between the upper- and lower-surfaces is maintained at a constant value

∆T .

T (x, y, z = H) = T0

T (x, y, z = 0) = T0 + ∆T (2.1)

The density depends linearly on temperature T :

% = %0(1− α(T − T0)) with α > 0 (2.2)

Such a system possesses a steady-state solution in which there is no motion, and the temperature

varies linearly with depth:

v = 0

T = T0 +

(
1−

z

H

)
∆T (2.3)

When this solution becomes unstable, convection should develop.

In the case where all motions are parallel to the x− z-plane, and no variations in the direction

of the y-axis occur, the governing equations may be written (see Saltzman (1962)) as:

∂tu+ u∂xu+ w∂zu+ ∂xP − ν∇2u = 0 (2.4)

∂tw + u∂xw + w∂zw + ∂zP − ν∇2w − gαT = 0 (2.5)

∂tT + u∂xT + w∂zT − κ∇2T = 0 (2.6)

∂xu+ ∂zw = 0 (2.7)

wherew and u are the vertical and horizontal components of the velocity, respectively. It is useful
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to define the stream function Ψ for the two-dimensional motion, i.e.

∂Ψ

∂x
= w (2.8)

∂Ψ

∂z
= −u . (2.9)

Then, the dynamics can be formulated for Ψ and Θ, which is the departure of temperature from

that occurring in the state of no convection (2.3):

∂t∇2Ψ = −
∂(Ψ,∇2Ψ)

∂(x, z)
+ ν∇4Ψ + gα

∂Θ

∂x
(2.10)

∂tΘ = −
∂(Ψ,Θ)

∂(x, z)
+

∆T

H

∂Ψ

∂x
+ κ∇2Θ . (2.11)

The notation
∂(Ψ,∇2Ψ)

∂(x, z)
,

known as the determinant of the Jacobian matrix (or simply “the Jacobian”), stands for

∂Ψ

∂x

∇2Ψ

∂z
−
∂Ψ

∂z

∇2Ψ

∂x
.

The constants g, α, ν, and κ denote, respectively, the acceleration of gravity, the coefficient of

thermal expansion, the kinematic viscosity, and the thermal conductivity of the fluid. The problem

is most tractable (analytically) when both the upper- and the lower-boundaries are taken to be free,

in which case Ψ and∇2Ψ vanish at both boundaries.

Rayleigh found that fields of motion of the form

Ψ = Ψ0 sin(πa/Hx) sin(π/Hz) (2.12)

Θ = Θ0 cos(πa/Hx) sin(π/Hz) (2.13)
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(plus higher-order terms) would develop if the Rayleigh number

Ra =
gαH3∆T

νκ
, (2.14)

exceeds a critical value

Rc = π4a−2(1 + a2)3 . (2.15)

The minimum value ofRc, namely 27π4/4, occurs when a2 = 1/2.

Saltzman (1962) derived a set of ordinary differential equations by expanding Ψ and Θ in

double Fourier series in x and z, with functions of t alone for coefficients, and substituting these

series into (2.10) and (2.11). He arranged the right-hand sides of the resulting equations in dou-

ble Fourier-series form, by replacing products of trigonometric functions of x (or z) by sums of

trigonometric functions, and then equated coefficients of similar functions of x and z. He then

reduced the resulting infinite system to a finite system by omitting reference to all but a specified

finite set of functions of t. He then obtained time-dependent solutions by numerical integration. In

certain cases all, except three of the dependent variables, eventually tended to zero, and these three

variables underwent irregular, apparently non-periodic fluctuations. These same solutions would

have been obtained if the series had been at the start truncated to include a total of three terms.

Accordingly, in this study we shall let

a

1 + a2
κ Ψ = X

√
2 sin

(
πa

H
x

)
sin

(
π

H
z

)
(2.16)

π
Ra

Rc

1

∆T
Θ = Y

√
2 cos

(
πa

H
x

)
sin

(
π

H
z

)
− Z sin

(
2
π

H
z

)
(2.17)

where X , Y , and Z are functions of time alone. When these expressions are substituted into the

dynamics, we obtain the equations

Ẋ = −σX + σY (2.18)

Ẏ = rX − Y −XZ (2.19)

Ż = −bZ +XY (2.20)
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Here a dot denotes a derivative with respect to the dimensionless time τ = π2H−2(1 + a2)κt,

while σ = κ−1 is the Prandtl number, r = Ra/Rc, and b = 4(1 + a2)−1.

Except for multiplicative constants, our variablesX,Y, Z are the same as Saltzman’s variables

A, D, and G. These equations are the convection equations whose solutions we shall study. In

these equationsX is proportional to the intensity of the convective motion, whileY is proportional

to the temperature difference between the ascending and descending currents, identical signs of

X and Y denoting that warm fluid is rising and cold fluid is descending. The variable Z is

proportional to the distortion of the vertical temperature-profile from linearity, a positive value

indicating that the strongest gradients occur near the boundaries. Equations (2.18, 2.19, 2.20)

(which are called Lorenz model in the literature) may give realistic results when the Rayleigh

number is slightly supercritical, but their solutions cannot be expected to resemble those of the

complete dynamics when strong convection occurs, in view of the extreme truncation. Figure 2.2

below shows the numerical solution in the phase-space with the parameters r = 28, σ = 10,

and b = 8/3.

Some properties of the Lorenz equations:

• Symmetry: The Lorenz equations have the following symmetry of ordinary differential equa-

tions: (X,Y, Z) → (−X,−Y, Z). This symmetry is present for all parameter-values of

the Lorenz system.

• Invariance: The Z-axis is invariant, meaning that a solution that starts on the Z-axis (i.e.

X = Y = 0) will remain on the z-axis. In addition, the solution will tend toward the

origin if the initial conditions are on the z-axis.

• Equilibrium points: To solve for the equilibrium points we let |f〉 (X,Y, Z) = 0, where

we used the ket-notation to denote the vector |f〉 = (Ẋ, Ẏ , Ż)T . It is easy to notice that

(X,Y, Z) = (0, 0, 0) is a trivial equilibrium-point. The other equilibrium-points, when

X 6= 0, are also easy to determine analytically. We leave this task as an exercise to the

reader.

• Solutions stay close to the origin: If σ, b, a > 0, then all solutions of the Lorenz system
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Figure 2.2: Numerical solution of the Lorenz model, in theX−Y phase-space with the parameters
r = 28, σ = 10, and b = 8/3. For the numerics, see Exercise 1.

will enter an ellipsoid in finite time. In addition, the solution will remain inside the ellipsoid

once it has entered. It follows that the ellipsoid is an attracting set.

To quantify this, we define an ellipsoid centered at (0, 0, 2r) in finite time, and the solution

will remain inside the ellipsoid once it has entered. To observe this, we define a Lyapunov

function

V (X,Y, Z) = τX2 + σY 2 + σ(Z − 2r)2 .

It then follows that

V̇ = 2rXẊ + 2σY Ẏ + 2σ(Z − 2r)Ż

= 2rXσ(Y −X) + 2σY (X(r − Z)− Y ) + 2σ(Z − 2r)(XY − bZ)

= −2σ(rX2 + Y 2 + b(Z − r)2 − br2).
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We then choose an ellipsoid which all solutions will enter and remain inside. This is done

by choosing a constant C > 0 such that the ellipsoid

rX2 + Y 2 + b(Z − r)2 = br2

is strictly contained in the ellipsoid

rX2 + σY 2 + σ(Z − 2r)2 = C .

Therefore all solutions will eventually enter and remain inside the above ellipsoid since

V̇ < 0 when a solution is located at the exterior of the ellipsoid.

The same equations as (2.18, 2.19, 2.20) appear in studies of lasers, batteries, and in a simple

chaotic waterwheel that can be easily built. Lorenz found that the trajectories of this system,

for certain settings, never settle down to a fixed point, never approach a stable limit cycle, yet

never diverge to infinity. What Lorenz discovered was at the time unheard of in the mathematical

community, and was largely ignored for many years. Now this beautiful attractor is the most

well-known strange attractor that chaos has to offer.

The Lorenz system can exhibit chaotic behavior after a bifurcation1. This system is an ideal-

ization of the Rayleigh-Bénard problem and provides an example for chaotic behavior (like turbu-

lence) in a dissipative system.

Exercise 1 – Lorenz Problem 1

1. Write a function which solves the logistic difference-equation xn+1 = rxn(1 − xn) and

returns the vector x(n). Use an initial value x0 ∈ [0, 1], and a parameter-value r ∈ [1, 4].

2. Investigate the sensitivity of the solution on the parameter r (especially using r ∈ [3, 4]).

1Another concept is known as the Feigenbaum cascade Feigenbaum (1980). In this scenario the solution undergoes
a series of period-doublings, until the bifurcation parameter reaches a critical value where the system has an accumu-
lation point of period-doublings. Feigenbaum also found the convergence behavior of the bifurcation points to the
critical value. When the bifurcation parameter passes this point, chaos appears. A simple system which has such a
behavior is the Duffing equation and the logistic equation.
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3. Now, investigate the solution dependence on r systematically: write a function which saves

the local extrema of a vector (fixed points) and returns them in a vector.

4. For each value of r, iterate the logistic difference equation 500 times, discard the first 200

times, and plot the fix-points / local extrema against r. What do you observe? Hint: use the

zoom-in function of your plotting software of choice!

Exercise 2 – Lorenz Problem 2

1. Write the numerical solution for the Lorenz system.

2. Use an initial value x0 ∈ [0, 1], and a prameter value r ∈ [0, 1]

3. Investigate the sensitivity of the solution on the parameter r (especially using r ∈ [20, 30])

4. Display the function in the phase-space and time-dependence.

5. Now investigate the solution dependence on r systematically: write a function which saves

the local extrema of a vector (fixed points) and returns them in a vector.

Exercise 3 – Lorenz Problem 3

Exercise 4 – Simulation resume-support

In Earth system science, it often happens that a long model time-integration cannot be per-

formed in a single run, due to external constraints2. In such cases, it is necessary to implement in

the model the ability to save the model-state to disk (we call these resume-files), and to re-load it

when the model is restarted. When the model equations are nonlinear, it is very important3 that

information in resume-files matches the model-state exactly (bit-level correspondence).
2For example, the system may impose a maximum time-limit on how long any job may take.
3As discussed in this section, nonlinear systems are often sensitive to initial conditions, and an error in the restart-

file would lead the model to evolve on a completely different phase-space trajectory on the long term. Such a (seem-
ingly trivial) technical problem was encountered by Lorenz himself (see e.g. Kambe (2007)), which led him to the
notion of deterministic chaos in the first place.
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Implement resume-support for the Lorenz-integrator provided above. Verify your code by per-

forming two integrations, and visualizing the attractor. Starting from the same initial conditions,

• perform an un-interrupted long integration (106 time-steps), then

• perform another integration, for which the model is interrupted at time-step 5 × 105,

restarted from resume-files, and integrated up to time-step 106, as in the previous run
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Chapter 3

Ocean Dynamics

3.1 Coriolis effect and Geostrophy

In non-vector terms: at a given rate of rotation of the observer, the magnitude of the Coriolis

acceleration of the object is proportional to the velocity of the object and also to the sine of the

angle between the direction of movement of the object and the axis of rotation. The vector formula

for the magnitude and direction of the Coriolis acceleration is

aC = −2 Ω× v (3.1)

where (here and below) v is the velocity of the particle in the rotating system, and Ω is the angular

velocity vector which has magnitude equal to the rotation rate ω and is directed along the axis of

rotation of the rotating reference frame, and the × symbol represents the cross product operator.

The equation may be multiplied by the mass of the relevant object to produce the Coriolis force:

FC = −2mΩ× v. (3.2)

The formula implies that the Coriolis acceleration is perpendicular both to the direction of the

velocity of the moving mass and to the frame’s rotation axis.

Consider a location with latitude ϕ on a sphere that is rotating around the north-south axis.
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Figure 3.1: Coordinate system at latitude ϕ with x-axis east, y-axis north and z-axis upward (that
is, radially outward from center of sphere).
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A local coordinate system is set up with the x axis horizontally due east, the y axis horizontally

due north and the z axis vertically upwards. The rotation vector expressed in this local coordinate

system is

Ω = ω


0

cosϕ

sinϕ

 , (3.3)

the velocity of movement (listing components in the order East (e), North (n) and Upward (u)) is

Ω = ω


0

cosϕ

sinϕ

 , v =


ve

vn

vu

 =


u

v

w

 , (3.4)

and Coriolis acceleration

aC = −2Ω× v = 2ω


vn sinϕ− vu cosϕ

−ve sinϕ

ve cosϕ

 . (3.5)

When considering atmospheric or oceanic dynamics, the vertical velocity is small and the vertical

component of the Coriolis acceleration is small compared to gravity. For such cases, only the

horizontal (East and North) components matter. The restriction of the above to the horizontal

plane is (setting vu = 0) :

v =

ve
vn

 , ac =

 vn

−ve

 f , (3.6)

where f = 2ω sinϕ is called the Coriolis parameter. By setting vn = 0, it can be seen

immediately that (for positive ϕ and ω ) a movement due east results in an acceleration due south.

Similarly, setting ve = 0, it is seen that a movement due north results in an acceleration due

east. In general, observed horizontally, looking along the direction of the movement causing the
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acceleration, the acceleration always is turned 90◦ to the right on the Northern Hemisphere (left

on the Southern Hemisphere) and of the same size regardless of the horizontal orientation.

The Coriolis effect is one of the dominating forces for the large-scale dynamics of the oceans

and the atmosphere. In meteorology and ocean science, it is convenient to use a rotating frame of

reference where the Earth is stationary. Starting from (3.7), we can estimate the relative contribu-

tions in the horizontal momentum equations:

( ∂v

∂t︸︷︷︸
10−4

+ v · ∇v︸ ︷︷ ︸
10−4

)
= −

1

ρ
∇p︸ ︷︷ ︸

10−3

+ ν∇2v︸ ︷︷ ︸
10−12

+ 2Ω× v︸ ︷︷ ︸
10−3

. (3.7)

The equation has been made dimensionless by a length-scale L, determined by the geometry of the

flow, and by a characteristic velocity U. The Rossby number is the ratio of inertial (the left hand

side scaling with a typical velocity over time interval) to Coriolis (last term on the right hand side

scaling with the Coriolis parameter f times a typical velocity) terms in the Navier-Stokes equations,

respectively. It is used in the oceans and atmosphere, where it characterizes the importance of

Coriolis accelerations arising from planetary rotation. It is also known as the Kibel number. The

Rossby number Ro is defined as:

Ro =
(U2/L)

(fU)
=

U

fL
(3.8)

where U and L are, respectively, characteristic velocity and length scales of the phenomenon and

f = 2Ω sinϕ is a typical Coriolis frequency. The procedure is analogous to the dimensionless

Reynolds number (section 1.3).

A small Rossby number signifies a system which is strongly affected by Coriolis forces, and

a large Rossby number signifies a system in which inertial forces dominate. For example, in

tornadoes, the Rossby number is large (≈ 103), in low-pressure systems it is low (≈ 0.1 − 1)

and in oceanic systems it is of the order of unity, but depending on the phenomena can range over

several orders of magnitude (≈ 10−2 − 102).1 In large-scale low-pressure systems or in the

1As a result, in tornadoes the Coriolis force is negligible, and balance is between pressure and centrifugal forces
(called cyclostrophic balance). This balance also occurs at the outer eyewall of a tropical cyclone.
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oceans, centrifugal force is negligible and balance is between Coriolis and pressure forces (called

geostrophic balance). When the Rossby number is large (either because f is small, such as in the

tropics and at lower latitudes; or because L is small, that is, for small-scale motions such as flow

in a bathtub; or for large speeds), the effects of planetary rotation are unimportant and can be

neglected.

Repeating: When the Rossby number is small, then the effects of planetary rotation are large

and the net acceleration is comparably small allowing the use of the so-called geostrophic ap-

proximation: The force balance is largely between the pressure gradient force acting towards the

low-pressure area and the Coriolis force acting away from the center of the low pressure in equation

(3.7). By scaling arguments, one can derive the geostrophic horizontal flow components (ug, vg)

as:

ug = −
1

fρ

∂p

∂y
(3.9)

vg =
1

fρ

∂p

∂x
(3.10)

The validity of this approximation depends on the local Rossby number. It is invalid at the equator,

because f is equal to zero there, and therefore generally not used in the tropics.

Equations (3.9,3.10) show that large scale motions in the atmosphere and ocean tend to occur

perpendicular to the pressure gradient, instead of flowing down the gradient. This circulation is

called geostrophic flow. On a non-rotating planet, fluid would flow along the straightest possible

line, quickly eliminating pressure gradients.2

3.2 Atlantic deep ocean circulation

The densest water at the sea surface, water that is dense enough to sink to the bottom, is formed

when frigid air blows across the ocean at high latitudes in winter in the Atlantic between Norway

and Greenland and near Antarctica. The wind cools and evaporates water. If the wind is cold

2Task: Think how the geostrophy can be derived in the inertial system with a fixed reference frame, e.g. the Sun.
The final result shall be independent on the reference system used!

33



enough, sea ice forms, further increasing the salinity of the water because ice is fresher than sea

water. Bottom water is produced only in these two regions. In other polar regions, cold, dense

water is formed, but it is not quite salty enough to sink to the bottom. At mid and low latitudes,

the density, even in winter, is sufficiently low that the water cannot sink more than a few hundred

meters into the ocean. The only exception are some seas, such as the Mediterranean Sea, where

evaporation is so great that the salinity of the water is sufficiently great for the water to sink to

intermediate depths in the seas. If these seas are can exchange water with the open ocean, the

waters formed in winter in the seas spreads out to intermediate depths in the ocean. This structure

explains why subtropical surface water is warmer than tropical surface water in spite of the fact

that the latter region receives more solar radiation. Detailed measurements of the Atlantic current

structure were made by an expedition of the research vessel Meteor from 1925-1927. On the basis

of these data, Georg Wüst (1935) characterized water masses necessary to describe the Atlantic

currents and tracer distribution. Broecker proposed a circulation model based on findings of the

Meteor and other expeditions. In his model, large scale oceanic circulation is represented by the

transport system of a conveyor belt (Broecker and Peng, 1982). Many terms have been used to

describe the deep circulation3 and is called meridional overturning circulation. It is the zonal

integral of the flow of mass plotted as a function of depth and latitude:

ṽ = −
∂ψ

∂z
(3.11)

w̃ =
∂ψ

∂y
(3.12)

with the zonally integrated velocities ṽ, w̃, and a streamfunction ψ(y, z) for the overturning cir-

culation.

Figure 3.2 shows the meridional overturning circulation streamfunction ψ(y, z) in the At-

lantic. The streamfunction is calculated as a cumulative sum of zonally integrated mass transports

of the ocean at each latitude from surface to the particular depth. The zonally intregrated mass

3Abyssal circulation; Thermohaline circulation; Meridional overturning circulation; and Global conveyor. The
term thermohaline circulation was once widely used, but it has disappeared almost entirely from the oceanographic
literature. It is no longer used because it is clear that the flow is not only density driven.
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Figure 3.2: In this figure the meridional overturning streamfunction in Sv (1 Sv≡ 106 m3s−1) in
the Atlantic is displayed. Grey areas represent zonally integrated smoothed bathymetry.

transport at a certain latitude derives from the zonally averaged meridional velocity component

times the height of the ocean layer and the width of the ocean. Water flows along the stream

lines. For instance, increasing positive values of MOC from surface to about 1,000m depth at mid

latitudes of the Northern Hemisphere denote northward flowing water. With increasing depth the

values of the MOC streamfunction decrease until a minimum at about 4,000m depth is reached.

These waters move southward instead. In the Atlantic two major, a shallower and a deeper over-

turning cell exist according to figure 3.2. One cell shows positive values, thus, clockwise volume

transport and stretches from almost the surface to about 2,500 - 3,000m depth. The other expands

from about 3,000m depth to the bottom of the ocean at latitudes south of 40◦N. The shallower cell

denotes the modelled equivalent of NADW while AABW, transporting Southern Ocean water into

the Atlantic, is simulated by the deeper cell. An overturning maximum of 18.7 Sv (1 Sv ≡ 106

m3s−1) is found at 40◦- 50◦N and 1,000m depth and an export into the Southern Ocean across
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30◦S of 14.9 Sv. This results in an overturning ratio of 0.79, so only little recirculation occurs. A

closer look at figure 3.2 reveals that NADW is predominantly formed north of 60◦N with about

10 Sv. The inflow of AABW into the Atlantic is much weaker than the outflow of NADW. At

30◦S a value of less than 1 Sv is calculated by the model while the maximum counter-clockwise

overturning of the bottom water cell reaches 4.7 Sv at 25◦N.

Task: Ocean thermohaline circulation: a) Consider a geostrophic flow (u, v)

− fv = −
1

ρ0

∂p

∂x
(3.13)

fu = −
1

ρ0

∂p

∂y
(3.14)

with pressure p(x, y, z, t).

Use the hydrostatic approximation

∂p

∂z
= −gρ (3.15)

and equation (3.13) in order to derive the meridional overturning stream function Φ(y, z) as a

fuction of density ρ at the basin boundaries! Φ is defined via

Φ(y, z) =

∫ z

0

∂Φ

∂z̃
dz̃ (3.16)

∂Φ

∂z̃
=

∫ xw

xe

v(x, y, z̃) dx (zonally integrated transport), (3.17)

where xe and xw are the eastward and westward boundaries in the ocean basin (think e.g. of the

Atlantic Ocean). Units of Φ arem3s−1. At the surface Φ(y, 0) = 0.
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3.3 Simple model of meridional overturning

It is instructive to derive a simple concept of the meridional overturning based on vorticity dynam-

ics in the (y,z)-plane. The dynamical model in two dimensions read

d

dt
v = −

1

ρ0

∂p

∂y
− fu − κv (3.18)

d

dt
w = −

1

ρ0

∂p

∂z
−

g

ρ0

(ρ− ρ0) − κw (3.19)

with κ as parameter for Rayleigh friction. Using the continuity equation

0 =
∂v

∂y
−

∂w

∂z
(3.20)

one can introduce a streamfunction Φ(y, z) with v = ∂zΦ and w = −∂yΦ. The associated

vorticity equation in the (y,z)-plane is therefore

d

dt
∇2Φ = −f

∂u

∂z
+

g

ρ0

∂ρ

∂y
− κ∇2Φ (3.21)

We can choose the ansatz4 satisfying that the normal velocity at the boundary vanishes, Φ = 0:

Φ = Φmax sin(πy/L) × sin(πz/D) (3.23)

The parameters L and D dentote the meridional and depth extend. With the assumption that the

Coriolis term is absorbed into the viscous terms, we derive:

d

dt
Φmax =

a

ρ0

(ρnorth − ρsouth) − κΦmax (3.24)

4In principle, a complete Galerkin approximation shall be applied

Φ(y, z, t) = Σ∞
k=1Σ∞

l=1Φk,lmax(t) sin(πky/L) × sin(πlz/D) (3.22)

yielding a first order differential equation in time for Φk,lmax(t).
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with a = gLD2/4(L2 +D2).5

This shows that the overturning circulation depends on the density differences on the right and

left boxes. In the literature, (3.24) is simplified to a diagnostic relation

Φmax =
a

ρ0 κ
(ρnorth − ρsouth) (3.25)

because the adjustement of Φmax is quasi-instantaneous due to adjustment processes, e.g. Kelvin

waves.

Here, we introduce a hemispheric (Stommel-type) or interhemispheric (Rooth-type) box model

of the thermohaline circulation. The common assumption of these box models is that the oceanic

overturning rate Φ can be expressed by the meridional density difference:

Φ = −c (α∆T − β∆S) , (3.26)

whereα and β are the thermal and haline expansion coefficients, c = a(ρ0κ)−1 , and ∆ denotes

the meridional difference operator applied to temperature T and salinity S, respectively. The

meriodional density differences are clearly dominated by temperature differences (Fig. 3.3a). In a

single hemispheric view, the salinity difference breakes the temperature difference.

In the model of (Rooth, 1982) the Atlantic ocean is described over both hemispheres and the

densities have to be taken in the North Atlantic and South Atlantic Ocean, respectively. In the

interhemisph eric model the densities at high northern and southern latitudes are close, the pole-

to-pole differences are caused by salinity differences (Fig. 3.3b). The density at high latitudes is

coupled through heat and freshwater fluxes with the atmosphere (and heat and freshwater fluxes

with ice).

The fluxes of heat and other variables carried by the deep circulation influences Earth’s heat

budget and climate. The fluxes vary from decades to centuries to millennia, and this variability

5What is the principle difference between the ocean and atmospheric meridional flow? In the atmosphere, consider
a zonally symmetric case. The absolute zonal velocity about the rotation axis is u + Ωr, where Ω is the EarthÔs
rotation rate and r is the distance from the rotation axis. If friction can be neglected, we have conservation of angular
momentum DtA = 0 with A = r(u + Ωr) = ΩR2 cos2 ϕ + uR cosϕ. Derive the Hadley Cell and the
subtropical jet from that!
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Figure 3.3: a) The Atlantic surface density is mainly related to temperature differences. b) But the
pole-to-pole differences are caused by salinity differences.
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is thought to modulate climate over such time intervals. The ocean may be the primary cause of

variability over times ranging from years to decades, and it may have helped to modulate glacial-

interglacial and millenial climate variability. Chaper 4 deals with an inter-hemispheric box model

of the deep ocean circulation to study perturbation in the system. The box model contains a very

simple dynamics of the ocean and atmosphere through boxes.
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Chapter 4

Application: Climate-Box-Model

4.1 Model description

Here we introduce a inter-hemispheric box model of the deep ocean circulation to study the feed-

backs in the climate system. Like in the model of Rooth (1982) the Atlantic Ocean is described

over both hemispheres. The box model contains out of four oceanic and three atmospheric boxes,

as indicated in Fig. 4.1. The ocean boxes represent the Atlantic Ocean from 80◦N to 60◦S.

The indices of the temperatures T, the salinities S, the surface heat fluxes H, the atmospheric heat

fluxes F, the radiation terms R as well as later on the volumes bear on the different boxes (N for

the northern, M for the tropical, D for the deep and S for the southern box).

The discrete boxes are utterly homogeneous, which implies that the temperatures and the salin-

ities everywhere within one box are alike. The climate model is based on mass and energy consid-

erations. Emphasis is placed on the overturning flow Φ of the ocean circulation.

The prognostic equations for the temperatures of the ocean boxes contain out of two parts. The

first part is proportional to the overturning flow Φ and represents the advective (transport) coupling

between the boxes. The second part, which is dependent on the surface heat flux H, stands for the

coupling between the ocean and the atmosphere. The latter part does not take account in the

deep box, as it is not connected to the atmosphere. The four differential equations for the ocean

temperatures read
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Figure 4.1: Schematic illustration of the Climate-Box-Model

d

dt
TN = − (TN − TM)

Φ

VN
+

HN

ρ0cpdz2

, (4.1)

d

dt
TM = − (TM − TS)

Φ

VM
+

HM

ρ0cpdz1

, (4.2)

d

dt
TS = − (TS − TD)

Φ

VS
+

HS

ρ0cpdz2

and (4.3)

d

dt
TD = − (TD − TN)

Φ

VD
(4.4)

where ρ0 denotes a reference density for saltwater and cp the specific heat capacity of water. The

factors dzi and Vi indicate the depths and volumes of the discrete ocean boxes, respectively.

The overturning flow is assumed to be proportional to the density gradients of the oceans boxes

after Stommel (1961). Like in Rahmstorf (1996) the northern and the southern box will be taken

into account for this, which leads to the equation for the calculation of the overturning flow
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Φ = c [−α (TN − TS) + β (SN − SS)] (4.5)

The constants α and β represent the thermal and the haline expansion coefficients in the equa-

tion of state. c is an adjustable parameter which is set to produce present-day overturning rates.

The surface heat fluxes follow the equations from Haney (1971):

Hi = Q1i
−Q2 (Ti − TAi

) (4.6)

Analogue to (4.1) to (4.4) the prognostic differential equations for the salinities consist out of

two components. One of those is again the advective part, caused by the interconnection between

the boxes and the other one is the influence of the freshwater fluxes between the ocean and the

atmosphere. The latter is again only for the boxes near the surface, thus the equations are

d

dt
SN = − (SN − SM)

Φ

VN
− Sref

(P − E)N

dzN
, (4.7)

d

dt
SM = − (SM − SS)

Φ

VM
+ Sref

(P − E)M

dzM
, (4.8)

d

dt
SS = − (SS − SD)

Φ

VS
− Sref

(P − E)S

dzS
, (4.9)

d

dt
SD = − (SD − SN)

Φ

VD
. (4.10)

The reference salinity Sref is a characteristic average value for the entire Atlantic Ocean, and the

freshwater fluxes are denoted as precipitation minus evaporation (P-E). These freshwater fluxes are

calculated by the divergence of the latent heat transport in the atmosphere and are assumed to be

proportional to the meridional moisture gradient explained below.

The atmospheric energy-balance-model (EBM) calculates the heat fluxes between the ocean

and atmosphere, as well as horizontal latent and sensible heat transports as diffusion following

Chen et al. (1995). The EBM contains sensible and latent heat transports, radiation Ri, as well as

the surface heat fluxes Hi between the atmosphere and the ocean. The atmospheric temperatures
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TAi
follow the prognostic equations

c2
d

dt
TAN

=
∂ (FsN

+ FlN )

∂y
+RN −HN , (4.11)

c2
d

dt
TAM

=
∂ (FsS

+ FlS)

∂y
+RM −HM , (4.12)

c2
d

dt
TAS

=
∂ (FsS

+ FlS)

∂y
+RS −HS. (4.13)

c2 is related to the specific heat of air. The sensible Fsi
and latent Fli heat transport are described

in dependence of the meridional gradient of the surface temperature and moisture q

Fs = Ks

∂TA

∂y
(4.14)

Fl = Kl

(
∂q

∂y

)
. (4.15)

Ks and Kl are empirical parameters, which must be adjusted to generate realistic values for

sensible and latent heat transports. The radiation termsRi in (4.11) to (4.13) consist of an incoming

solar shortwaveSi and an outgoing infrared longwave Ii part. The extraterrestrial solar radiation is

not absorbed entirely, and a latitude-dependent average albedo αi is introduced to account for the

reflectance. The outgoing infrared radiation Ii is calculated through a linear formula of Budyko

(1969). Thus, the equation for the net radiation balance is

Ri = Si − Ii = Ssol,i (1− αi)− (A+BTAi
) . (4.16)

The model calculates the freshwater fluxes from the divergence of the latent heat transport (P −

E ∼ ∂Fl/∂y). The integration of the system is implemented with an Euler-forward scheme.

The time step is 1/100 of a year to ensure the stability of the system according to the Courant-

Friedrichs-Levy-Criterion (CFL-Criterion, Courant et al. (1928)1).

1For an English translation, refer to Courant et al. (1967).
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4.2 Model Simulations

Paleoclimatic evidence suggests (e.g. Dansgaard et al., 1993) that some past climate shifts were

associated with changes in North Atlantic Deep Water (NADW) formation. Deep water formation

in the Greenland-Iceland-Norwegian Sea and in Labrador Sea drive the large-scale ocean circu-

lation imposing strong northward heat transport. This makes the northern North Atlantic about

4 K warmer than corresponding latitudes in the Pacific and is responsible for the mild climate of

Western Europe. Variations in NADW circulation therefore have the potential to cause significant

climate change in the North Atlantic region.

Numerical simulations by Manabe and Stouffer ? showed, for the North Atlantic, that between

two and four times the preindustrial CO2 concentration, a threshold value is passed and the thermo-

haline circulation ceases completely. One other example of early Holocene rapid climate change is

the ’8200 yr BP’ cooling event recorded in the North Atlantic region possibly induced by freshwa-

ter. One possible explanation for this dramatic regional cooling is a shutdown in the formation of

deep water in the northern North Atlantic due to freshwater input caused by catastrophic drainage

of Laurentide lakes (e.g., ?; ?).

Exercise 5 – Investigations with the box-model

1. In the regions of deep water formation in the North Atlantic, relatively small amounts of

fresh water added to the surface can stabilize the water column to the extent that convection

can be prevented from occurring. Such interruption decreases the poleward mass transport

Φ in the ocean. Furthermore, perturbations of the meridional transport in the ocean can be

amplified by positive feedbacks: a weaker northward salt transport brings less dense water

to high latitudes, which further reduces the meridional transport. Discuss the case where the

initial conditions in salinity at latitudes is changed.

2. Which feedbacks are acting for global warming? Please evaluate the hydrological cycle and

atmospheric heat transports!

3. The coupled model shall be used to investigate the sensitivity of the system with respect
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to radiative forcing and stochastic weather perturbations. Additional radiative forcing may

come from increased tracer gas concentrations in the atmosphere, whereas the atmospheric

weather fluctuations may reflect unresolved effects of the atmospheric transports modeled as

white noise.

4. The initial values of the model represent averages for present-day climate conditions. Deter-

mine which parameters in the model affect the climate conditions most.
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Chapter 5

From Statistical Mechanics to Fluid

Dynamics

5.1 The Boltzmann Equation

One of the most significant theoretical breakthroughs in statistical physics was due to Ludwig

Boltzmann (1864) (see Boltzmann (1995) for a recent reprint of his famous lectures on kinetic

theory), who pioneered non-equilibrium statistical mechanics. Boltzmann postulated that a gas

was composed of a set of interacting particles, whose dynamics could be (at least in principle)

modelled by classical dynamics. Due to the very large number of particles in such a system, a

statistical approach was adopted, based on simplified physics composed of particle streaming in

space and billiard-like inter-particle collisions (which are assumed elastic). Instrumental to the

theory is the single-particle distribution function (hereafter SPDF), f(~x, ~p, t) which represents

the probability density of having a particle at the point (~x, ~p) in the phase space. Hence, the

quantity

f(~x, ~p, t)d~xd~p (5.1)

represents the probability of finding a particle inside an infinitesimal space cubelet centered

around ~x, and inside an infinitesimal momentum-space cubelet around ~p at any given time t. In
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the presence of a body-force ~F , the SPDF will evolve according to

f(~x+ d~x, ~p+ d~p, t+ dt)d~xd~p = f(~x, ~p, t)d~xd~p , (5.2)

where

d~x =
~p

m
dt

and

d~p = ~Fdt.

If we also include the effect of the collisions, and denote by Γ+d~xd~pdt the probability for a

particle to start from outside the d~x× d~p domain and to enter this phase-space region during the

infinitesimal time dt and by Γ−d~xd~pdt the probability for a particle to start from the d~x × d~p

domain and leave this phase-space region during the infinitesimal time dt, the evolution of the

SPDF becomes

f(~x+ d~x, ~p+ d~p, t+ dt)d~xd~p = f(~x, ~p, t)d~xd~p+ (Γ+ − Γ−) d~xd~pdt (5.3)

Expanding the LHS into a Taylor series around the phase-space point (~x, ~p, t), we obtain:

f(~x+d~x, ~p+d~p, t+dt)d~xd~p = f(~x, ~p, t)d~xd~p+

(
∂f

∂t

)
dt+(∇~xf)·d~x+(∇~pf)·d~p+. . .

(5.4)
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Inserting Eq. (5.4) into Eq. (5.3) and cancelling terms, we easily obtain Boltzmann’s Equation:

∂f

∂t
+ ~u∇~xf + ~F∇~pf = Γ+ − Γ− (5.5)

where∇~x is the gradient operator in physical space and∇~p the same in momentum space.1

For the sake of clarity, we have not written the collision operator explicitly yet. The important

point is that the separation of the dynamics into collisions and streaming is already apparent from

Eq. (5.5). The collision operator, which is in itself a complex integro-differential expression, reads

Γ+ − Γ− ≡
∫
d3~u1

∫
dΩ σ(Ω) |~u− ~u1|

[
f(~u′)f(~u′1)− f(~v)f(~v1)

]
(5.6)

where σ is the differential cross-section in the case of the 2-particle collisions (which is a

function of the solid angle Ω), unprimed velocities are incoming (before collision) and primed

velocities are outgoing (after collision).

A fundamental property of the collision operator Cercignani (1987) is that it conserves mass,

momentum and kinetic energy (hence also a linear combination thereof). Also, it can be shown that

the local Maxwell-Boltzmann distribution pertains to a certain class of positive SPDFs for which

the collision integral vanishes.2 It can be shown that this equilibrium distribution is given by

f0(~x, ~v) = ρ(~x)

[
m

2πkT (~x)

]3/2
exp{−m [~v − ~v0(~x)]2 /2kT (~x)} (5.7)

where ρ(~x) and T (~x) are the local density and temperature, respectively. If there are no external

forces such as gravity or electrostatic interactions we have ρ(~x) = ρ0 = N/V . In case the

temperature is also independent of position, and if the gas as a whole is not moving (~v0 = 0), then

f(~x, ~v) = ρ0f0(~v), with

f0(~v) =

[
m

2πkT

]3/2
e−mv

2/2kT ,

1The collisionless Boltzmann equation is often mistakenly called the Liouville equation (the Liouville Equation
is an N-particle equation being N the number of microscopic particles). The Boltzmann equation is a mesoscopic
dynamics with degrees of freedom<< N .

2Task: show this by the variational principle! Mechanics, Lagrange parameters.
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This implies that, if this distribution is attained, we also have a state where incoming SPDFs

exactly balance the outgoing ones, maintaining a local dynamic equilibrium. This observation is

of paramount importance for our method, which uses the (discretized) Maxwell-Boltzmann distri-

bution as the equilibrium distribution functions. The other important feature of this equation is that

the integral

H =

∫ ∫
d~xd~p f(~x, ~p, t) ln f(~x, ~p, t) (5.8)

can only decrease3. For a system of N statistically independent particles, H is related to the ther-

modynamic entropy S through:

S
def
= −NkH (5.9)

Therefore, according to the H-theorem, S can only increase.4

Due to the complex expression for the collision operator, it became clear that approximations

were desirable. It was also proven (see Cercignani (1990)) that such approximations were also

reasonable, since the details of the two-body interaction are not likely to influence significantly

experimentally-measured quantities. Hence, approximate collision operators were proposed, all

of which had to 1 conserve local mass, momentum and energy and 2 develop a collisional

contribution in Boltzmann’s equation (5.5) which tends to a local Maxwellian distribution. It was

soon realized that a model developed at the middle of last century Bhatnagar et al. (1954) (also

known as Bhatnagar-Gross-Krook; hereafter BGK) satisfied both of these conditions. The basic

idea was that each collision changes the SPDF by an amount which is proportional to the departure

from the local Maxwellian distribution.

5.2 Lattice Boltzmann Methods

LBMs recently proved to be viable alternatives to traditional computational fluid dynamics (CFD).

The latter adopts a strategy consisting of:

1. writing the macroscopic flow equations;

3This exercise is left to the reader.
4Please see the link to the Lyapunov function for the Lorenz system in Chapter 2.
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2. discretizing the macroscopic equations using finite differences, finite volumes or finite ele-

ments;

3. solving the discretized equations on a computer.

In contrast, LBM takes a different route towards the same results. We start from the point

of view of kinetic theory of fluids, where the instrumental notion is the probability of finding a

fluid particle at a certain point in space and with a certain velocity (PDF)5. The LBM approach is

composed of formulating a mesoscopic model for the evolution of the PDF such that the desired

macroscopic flow equations are obtained. The end result of both approaches are similar. However,

the algorithms differ due to the different perspective on the physics of the flow. There are in

principle an infinite set of possible mesoscopic models. However, we focus on the most common

ones, which consist of a streaming and a collision process. These LBMs use a simplified collision

operator Bhatnagar et al. (1954), hence they are also referred to as LBM-BGK models.

There are several possible choices for the underlying lattice. These are usually classified in

the literature using the DαQβ-notation, where α is an integer number denoting the space di-

mensionality and β is another integer indicating the number of discrete velocities (including the

particle at rest) within the momentum discretization. Some restrictions have to be fulfilled (espe-

cially Galilean and rotational invariance)6 to ensure that a particular discretization can simulate the

Navier-Stokes equations. Among the lattices in common use there are the D2Q9 and D3Q19-

models (see for example discussion in He and Luo (1997)). Our focus here is the 2D case, hence

we have chosen the D2Q9 momentum discretization. The discrete velocity directions for the

D2Q9 lattice are shown in Fig (5.1).

5Which is the same as defining a scalar field over phase space.
6A lattice with reduced symmetry can be (and has been) used, see d’Humieres et al. (2001), where a D3Q13-

lattice is used. However, this approach also departs from the classical BGK-LBM dynamics.
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Figure 5.1: Discrete lattice velocities for theD2Q9 model

The macroscopic variables are defined as functions of the particle distribution functions (here-

after DFs) according to:

ρ =

β−1∑
a=0

fa (macroscopic fluid density) (5.10)

and

~u =
1

ρ

β−1∑
a=0

fa~ea (macroscopic velocity). (5.11)

The DFs at each lattice point are updated using the equation:

fa(~x+ ~eaδt, t+ δt) = fa(~x, t)︸ ︷︷ ︸
Streaming

−
[fa(~x, t)− feqa (~x, t)]

τ︸ ︷︷ ︸
Collision

, (5.12)
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where a ∈ [0, β−1] is an index spanning the (discretized) momentum space and τ is a relaxation

parameter, which is related to the fluid viscosity (more details about this soon).

This equation holds for lattice points within the fluid domain, but not for the domain bound-

aries, where boundary conditions compensate for the insufficient number of DFs (it does not make

sense to stream DFs from walls towards the fluid). For this reason, the two steps (streaming &

collision) are usually treated separately in actual numerical implementations.

The streaming step, where the DFs are translated to the neighbouring sites according to the

respective discrete velocity direction, is illustrated in Fig. (5.2), in theD2Q9 model. The collision

step (illustrated in Fig. [5.3]) consists of a re-distribution of the DFs towards the local discretized

Maxwellian equilibrium DFs, in such a way that local mass and momentum are invariant7.

streaming

Figure 5.2: Illustration of the streaming process on a D2Q9 lattice. Note that the magnitude of
the DFs remain unchanged, but they move to a neighbouring node according to their direction.

The equilibrium DFs can be obtained from the local Maxwell-Boltzmann SPDF (see for exam-

ple He and Luo (1997)); they are

feqa (~x) = waρ(~x)

[
1 + 3

~ea · ~u
c2

+
9

2

(~ea · ~u)2

c4
−

3

2

~u2

c2

]
, (5.13)

7As the method is mostly used in the incompressible limit, energy conservation is equivalent to momentum con-
servation

53



ρ,~v

collision

ρ,~v

Figure 5.3: Illustration of the collision process on a D2Q9 lattice. Note that the local density ρ
and velocity ~v are conserved, but the DFs change according to the relaxation-to-local-Maxwellian
rule.

where for theD2Q9 model the weights are
wa=0 = 4/9

wa={1..4} = 1/9

wa={5..8} = 1/36

(5.14)

and c is the propagation speed on the lattice, c = δx/δt.

Under the afore-mentioned assumption of a low Mach number, and further taking {Kn8, δt, δx} →

0, this model recovers the incompressible Navier-Stokes equations:

∇ · ~u = 0 , (5.15)

ρ∂t~u+ ρ~u∇ · ~u = −∇P + ρν∇2~u (5.16)

with an isothermal equation of state:

P = c2sρ , (5.17)

where P is the pressure.

8The assumption of Kn ≡ λ
L
→ 0 is a requirement for continuum models to apply, hence it is not specific to

LBM.
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The viscosity of the fluid is related to the relaxation parameter τ by the equation

ν = c2s (τ − 1/2)
δ2
x

δt
⇒ τ =

ν

c2s

δt

δ2
x

+
1

2
−−−−−−−−−→
c2s |D2Q9=1/3

τD2Q9 = 3ν
δt

δ2
x

+
1

2
(5.18)

The proof of these results follows from the Chapman-Enskog analysis. The speed of sound cs

is a lattice-dependent quantity, which takes the value

cs =
1
√

3

for theD2Q9 lattice.

Eq. (5.18) provides a straightforward method for adjusting the fluid viscosity in the model. It

is obvious that τ ≥ 0.5 is required in order to ensure a positive viscosity. The limit τ → 0.5 cor-

responds to the inviscid flow, while the τ →∞ limit represents the Stokes (creeping) flow. While

the later case poses no difficulty to the model9, the former limit is problematic because stability

issues appear if an insufficient lattice resolution is chosen. This is due to the fact that velocity gra-

dients can become very large (especially in complex geometries, with high topography variations)

and the model cannot dissipate the energy due to the very low viscosity10. Unfortunately, many of

the flows of practical interest are turbulent, often with a low viscosity.

To overcome this limitation, a turbulence model is necessary. The role of this procedure is to

parameterize the turbulent energy dissipation in turbulent flows, where the larger eddies extract

energy from the mean flow and ultimately transfer some of it to the smaller eddies which, in turn,

pass the energy to even smaller eddies, and so on up to the smallest scales, where the eddies con-

vert the kinetic energy into internal energy of the fluid. At this scales (also known as Kolmogorov

scale), the viscous friction dominates the flow Frisch (1996). In classical LB applications, a con-

venient method of modelling turbulent dissipation is through a locally-enhanced collision, which

effectively stabilizes the simulation.

9Strictly speaking, the Stokes limit presents its own issues, namely the slow convergence rate; however, in the
present context, we concentrate on stability.

10The “brute-force” remedy of increasing the grid size improves the situation by effectively rescaling the velocity
field, which automatically diminishes velocity gradients. However, this approach quickly becomes unfeasible.
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The model described so far is only applicable to athermal liquids. While there are many flow

situations which can be attributed to this class, thermal effects are often essential to many natural

phenomena. Over time, two main extensions of LBM to thermal flows have emerged. The first

approach (and the easiest to program) consists of allowing more discrete directions for velocity.

By defining new equilibrium DFs and by imposing certain symmetries on the new lattice, an en-

ergy equation can be obtained, in addition to the mass and momentum equations. This approach,

however, suffers from extreme numerical instability, a limited range of temperature variation and

a fixed Prandtl11 number (because there is still a single relaxation time in the model).

The second approach (and also the one we addopted here) consists of solving the passive scalar

equation for temperature on a separate lattice. The temperature field is influenced by the fluid

advection, and influences the fluid through a buoyancy term. This approach is only valid in the

Boussinesq approximation, which is a reasonable assumption for many flows (for example, in

ocean flows). The LB evolution algorithm is the same on the temperature lattice, but with different

equilibrium DFs. Also, because the macroscopic quantity is a scalar (in contrast to the LBM for

the velocity field, which is a vector), a lattice with fewer velocity directions is sufficient.

11The Prandtl number is a non-dimensional quantity approximating the ratio of momentum diffusivity to that of the

thermal diffusivity, Pr =
ν

κ
.
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Chapter 6

Application: Lattice Boltzmann Dynamics

Your copy of SimpleLB should come with the following files:

• simplelb.f90 | The Fortran 90 source code of the application

• simparams.in | A sample parameters file

• simplelbPlot.m | A sample Matlab script which allows plotting of the results.

• Makefile | File needed by gnu make, for easier compilation.

• simplelb.pdf | This document

The program (simplelb.f90) was written to be very short and accessible, to demonstrate the

capabilities of the method. The important aspects of the application fit well within ∼ 150 lines

of code (if we ignore comments and empty lines), which is quite unusual for a program that can

simulate e.g. the Karman vortex street.

The user should ignore the (maybe intimidating) subroutine initParams. This is provided for

convenience, to allow some enhanced functionality while writing the parameters file (i.e. com-

ments are supported and some consistency checks regarding the order of parameters are per-

formed). However, this subroutine adds nothing fundamental to the program from a physical point

of view, and should only be changed if additional simulation parameters need to be defined.
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This is a short overview of the parameters which can be set by editing the ’simparams.in’ file.

The parameters can be divided into mandatory ones and optional ones. Since the program was

designed so that it can simulate both athermal flows and thermal flows in the Boussinesq approxi-

mation, the mandatory parameters reffer to general simulation parameters and to characteristics of

the athermal solver. One of these mandatory parameters is a logical switch which enables the ther-

mal extension. If this is activated, the parameters for the thermal solver also need to be set, namely:

nuk (thermal diffusivity), tempS (fixed temperature at the lower boundary of the computational

domain) and tempN (same for upper boundary).

Below we provide a list with the explained parameter list:

• nIter : total number of iterations;

• xSize : number of gridpoints in X-direction;

• ySize : number of gridpoints in Y-direction;

• nu : kinematic viscosity of the fluid;

• bodyForceX : X-component of constant body force;

• bodyForceY : Y-component of constant body force;

• outputFreq : parameter which governs how often output is written to disk; a value of 0

or less disables output (useful for benchmarking or debugging), a value of 1 writes output

for every timestep, while a value > 1 will trigger output every outputFreq-timesteps;

since the program can produce a lot of data, this is something to be taken into account for

large integrations;

• enableSmag : enables Smagorinsky turbulence model for enhanced stability in low-viscosity

conditions;

• enableThermal : enables thermal model (passive scalar equation for temperature, Boussi-

nesq approximation); by enabling this option, the following additional parameters are re-

quired:
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– nuk : thermal diffusion coefficient;

– tempS : (boundary condition) temperature at the lower side;

– tempN : (boundary condition) temperature at the upper side;

An important part of any numerical simulation is relating the simulation input parameters and

output results to the exact flow we intend to model. The key concept during these procedures is

dynamic similarity, which tells us that two flows with different physical parameters are effectively

equivalent as long as several dimensionless numbers are the same. This idea is of special impor-

tance in experimental and numerical fluid dynamics1. Similarily, in CFD, the fluid solver usually

works in a different lengthscale than the original, physical system that is to be simulated. We can

distinguish 3 different frames of reference in a simulation, described below. The dimensionless

system may seem like an unnecessary complication in the beginning, but it reflects the fact that

flows are often given in the literature in this form.

1. Physical system: is the actual system that we intend to simulate. Here, we measure things

in the usual meters, seconds and kilograms. A problem with this system is that it is very

dependent on the units, which are not important to the mathematics behind the PDEs gov-

erning the flow. However, any practical application of fluid mechanics has to start from this

system and return to it when results are to be reported.

2. Dimensionless system: by choosing typical length- and time-scales for our flows, we can

non-dimensionalize the equations, which then become more amenable to numerical simula-

tion. Note that, sometimes, it is necessary to choose also a typical mass and/or temperature,

depending on the form we take for the macroscopic equations.

3. Discrete system: is the coordinate system in which our numerical simulation lives. The

input parameters for our simulation propagate from the physical system, through the non-

dimensional system until here. Due to reasons of numerical stability, several restrictions are

in place at this level, as will be discussed during the practical examples below.
1It is this fact that allows engineers to make solid predictions of how a large-scale system would perform based on

a miniature model. The dimensionless quantities can often be kept constant when the size of the system is changed by
using a fluid with a different viscosity during the tests. The miniature and the "real" flows are then equivalent.
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Figure 6.1: Set-up for studying flow past a cylinder.

6.1 von Karman vortex street

The first aplication we will investigate is the two-dimensional flow past a cylinder in a rectangular

channel. The set-up for this problem is shown in Fig. 6.1. The flow is bounded by two walls to

the north and the south, a velocity boundary a Poiseuille-profile for the X-component of velocity

is imposed at the left wall and a constant pressure boundary is imposed at the right wall.

For sufficiently low Mach numbers2, the flow can be considered to be incompressible:

ρ ≈ ρ0 = const. (6.1)

The governing equations for this type of flow read:

mass: ∇p · ~up = 0 (6.2)

momentum: ∂tp ~up + ( ~up · ∇p) ~up = − 1
ρ0
∇ppp + νp∇2

p ~up (6.3)

We can non-dimensionalize the equations by choosing some typical values for lengthscale l0

and timescale t0 of our process. In fact, we can also use e.g. l0 and a typical velocity magnitude

U0 ≡ l0
t0

if this is known. The important aspect is that the two numbers can be combined to yield

some l0 and t0. The time and space in the dimensionless system become scaled:

td =
tp

t0p
; rd =

rp

l0p
(6.4)

2Which is one of the fundamental assumptions of LB methods.
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Figure 6.2: Von Karman Vortices - As air flows over and around objects in its path, spiraling
eddies, known as Von Karman vortices, may form. The vortices in this image were created when
prevailing winds sweeping east across the northern Pacific Ocean encountered Aleutian Islands.
The image is from the Landsat 7 satellite.
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This allows us to write the derived quantities in the physical system as function of the ones in the

dimensionless system:

~up =
l0p

t0p
~ud; ∂tp =

1

t0p
∂td; ∇p =

1

l0p
∇d; pp = ρ0

l20p

t20p
pd (6.5)

Inserting these into 6.2-6.3 and multiplying by
t20p

l0p
, we obtain:

mass: ∇d · ~ud = 0 (6.6)

momentum: ∂td ~ud + ( ~ud · ∇d) ~ud = −∇dpd +
νpt0p

l20p︸ ︷︷ ︸
≡1/Re

∇2
d ~ud (6.7)

whereRe is the characteristic Reynolds number for the flow, defined as:

Re ≡
U0pl0p

νp
; (6.8)

→ ∂td ~ud + ( ~ud · ∇d) ~ud = −∇dpd +
1

Re
∇2
d ~ud (6.9)

Note: In the dimensionless system, it can be observed that:

l0d = t0d = 1; νd =
1

Re
(6.10)

Let us denote byN the number of gridpoints we use to discretize the width of the channel and

by Niter the number of time iterations which will resolve our unit timescale. We then have the

following discrete space- and time-step in the dimensionless system:

δx =
l0d

N − 2
=

1

N − 2
; δt =

t0d

Niter − 1
=

1

Niter − 1
(6.11)

Note that for computing the space-step we need to subtract 1 because p points always delimitate p − 1

segments, and (2 × 0.5) = 1 due to the interpretation of the horizontal walls half-way between 1st and

2nd (respectively half-way betweenN − 1th andN th) lattice rows. For space-steps, we obviously do not
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have the second issue, thus we only subtract 1.

In a sense, we repeat the procedure we applied to non-dimensionalize the original equations,

except that we use δx and δt instead of the previous l0p and t0p. There is no need to re-write

the equations, since we are interested at this stage only on the parameters that we need to provide

to our simulation to get the desired flow. We can easily write expressions for the most relevant

quantities in the discrete (LB) system:

~ulb =
δt

δx
~ud; νlb =

δt

δ2
x

νd =
δt

δ2
x

1

Re
(6.12)

So that the compressibility effects do not become significant, a general rule is to keep δt ∼ δ2
x.

Let us denote by β the proportionality factor (i.e. δt = βδ2
x, β ∈ (0, 1.0]). We then have:

~ulb = βδx ~ud; νlb = βνd =
β

Re
(6.13)

For our current problem, we can choose l0 to be the distance between the two walls, andU0 as the

average velocity of the Poiseuille profile imposed at the inlet.

A safe choice for the parameter β = 6.553. For comparison with the literature (see Zovatto

and Pedrizzetti (2001)), we fix the value of Re, which gives us the required value of the mean

velocity:

U0p =
Reνp

l0p
(6.14)

It should be noted that in the reference paper there are several geometric ratios (ratio and gap ratios)

whose influence on the flow are explored. However, we restrict ourselves to the case depicted in

Fig. [6.1] for simplicity.

From the value of the velocity, we can then compute the necessary acceleration of the flow:

fp =
12Reν2

p

l30p
(6.15)

These quantities can be used to compute the magnitude of the viscosity and acceleration in the
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dimensionless system:

νd =
1

Re
; fd =

12

Re
(6.16)

and, finally, the values in the discrete system become:

νlb =
1

Re
; fd =

1

N3

12

Re
(6.17)

We could write the formulae for converting the results back to the dimensionless and/or physical

system. However, we leave this as an exercise to the reader since we propose only to determine the

criticalRe for which instability develops, which can be easily compared with the literature.

6.2 Rayleigh-Benard convection

The second application we are looking at is the two-dimensional convection driven by a tempera-

ture gradient. The geometry consists of a rectangular channel, with periodic BCs at the sides and

no-slip and constant temperature BCs on the top and bottom walls. The Boussinesq approximation

is used, which results in a buoyancy force term which couples the thermal and fluid velocity fields

(Chapter 2).

ρ ≈ ρ0 = const. except in buoyancy term, where: ρ ≈ ρ0[1 + α(Tp − T∗p)] (6.18)

where Tp is the temperature, T∗p is a reference temperature and ρ0 is the fluid density in the

reference state.

This assumption reflects a common feature of geophysical flows, where the density fluctuations

caused by temperature variations are small, yet they are the ones driving the overall flow. Omitting

the continuity equation (which is the same as before), we have the following relations:

mom: ∂tp ~up + ( ~up · ∇p) ~up = −
1

ρ0

∇ppp + νp∇2
p ~up + αp(Tp − T∗p)g0pĵ (6.19)

temp: ∂tpTp +∇p · ( ~upTp) = kp∇2
pTp (6.20)
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where kp is the thermal diffusivity, g0 is the gravitational constant and αp is the volume expan-

sion coefficient. The value of the reference temperature is not important for the flow, since only

temperature differences are driving the flow. We can choose this as our initial condition, with the

value:

Tp,r ≡
Tp,cold + Tp,hot

2
(6.21)

As for the previous example, we choose a reference length l0p, which we take as the distance

between the two walls. We also need a value for scaling our temperature. Since we are imposing a

specific temperature difference throughout our fluid domain, the temperature values will be within

this range everywhere, and it makes sense to scale temperature by this value, i.e:

T0p = ∆Tp = Tp,hot − Tp,cold (6.22)

Note that T0p is not the same as the temperature offset T∗p.

The presence of the gravitational constant in the equations provides us a natural timeframe.

The first guess would be to take g0p = l0p/t
2
0p, but we can make a better choice which also

allows us to cancel-out the thermal expansion coefficient in the dimensionless system, namely:

g0p =
l0p

αpT0pt20p
⇒ tp,0 =

√
l0p

g0pαpT0p

(6.23)

The physical quantities can then be written in terms of the dimensionless ones as:

∂tp =
1

t0p
∂td ∇p =

1

l0p
∇d (6.24)

~up =
l0p

t0p
~ud pp = ρ0

l20p

t20p
pd (6.25)

Tp = TdT0p + T∗p (6.26)

Plugging-in these expressions into the eqs for momentum and temperature we eventually ob-
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tain:

∂td ~ud + ( ~ud · ∇d) ~ud = −∇dpd +

√
Pr

Ra
∇2
d ~ud + Tdĵ (6.27)

∂tdTd +∇d · ( ~udTd) =

√
1

RaPr
∇2
dTd (6.28)

Also, the temperature BCs become in the dimensionless system:

Td,hot = +
∆Td

2

Td,cold = −
∆Td

2

As in the previous set-up, we denote by N the number of lattice points used to discretize l0p

and byNiter the number of timesteps to represent t0p, which yield:

δx = 1/N ; δt = 1/Niter

We also need to choose a representative value for the temperature, but we can simply pick a one-

to-one mapping from the dimensionless system. Also keeping in mind the constraint δt = δ2
x, we

obtain:

~ulb = δx ~ud; νlb = νd =

√
Pr

Ra
; klb = kd =

√
1

RaPr
;

Tlb = Td ⇒ flb = δ3
xTd

6.3 System preparations and running a simulation

• Modify the Makefile to use the correct Fortran 90 compiler for your system (e.g. gfortran

on Linux and MacOSX or f90 in Solaris). Then, compile using the following sequence of

commands:

make clean; make; make neat
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• Alter the parameters in the simparams.in file.

• Run simulation using:

./simplelb
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